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Causal Inference
Modus Operandi
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1. Choose an estimand 1 anad
gather data Oq,...,0,, ~ P
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Targeted Minimum Loss-Based Estimation

Even if P totally unknown (nonparametric), can construct “‘good” plug-in
estimator of ¥ by..

1.
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Even if P totally unknown (nonparametric), can construct ‘good” plug-in
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Targeted Minimum Loss-Based Estimation

Even if P totally unknown (nonparametric), can construct ‘good” plug-in
estimator of ¥ by..

1 Deriving an "efficient influence function” ¢(P)(O;; ¥)

2. TMLE: Choosing and optimizing loss L(O, ¢) satisfying, for some v,

v' V.L(O;¢)

=—Z¢ (043 9)

~ choose L to respect problem constraints (i.e. bounded outcomes)
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The derivation of the efficient influence function is often regarded as
somewhat of a ‘dark art”

Hines et al. (2022)
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The derivation of the efficient influence function is often regarded as
somewhat of a ‘dark art”

Hines et al. (2022)
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Q. Can we derive a TMLE for a
general class of estimands”?
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Estimand Name Formula for

Counterfactual mean (Static) EEYY | A=a,L)]

Counterfactual mean (Stochastic) EE(Y | A= A" L)]

Average quantile effect EQ- (Y |A=1,L)—Q,(Y | A=0,L)]
Average treatment effect on treated E(E(Y |A=1,L)-E(Y |A=0,L) | A=1)

E|E

Mediation formula
EIE
EIE

(Y ‘ At = C_LT,ET)... | Al = Cl,l,Ll,Lo)]
(Y| A, =A% Ly)...| Ay = AS, Ly, Ly)]

Longitudinal treatment-specific mean

(E(Y | A=1,M,L)| A=0,L)
(...E
Longitudinal modified treatment effect (...E
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Estimand Name

Formula for

Counterfactual mean (Static)
Counterfactual mean (Stochastic)
Average quantile effect

Average treatment effect on treated
Mediation formula

Longitudinal treatment-specific mean

Longitudinal modified treatment effect

E[E(Y | A=a,L)]
E[E(Y | A= A", L)]
E[Q-(Y |A=1,L) -~ Q.(Y | A=0,L)]
EEE(Y|A=1,L)-E(Y|A=0,L)| A=1)
EIE(E(Y |A=1,M,L)| A=0,L)]
E(...E(Y | A, =ap,Ly)...| A = ay, Ly, Lo)]
E(...E

E[E
E[E (Y| A =A% Ly)...| Ay = AZ, Ly, Ly)]
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Estimand Name Formula for

Counterfactual mean (Static)
Counterfactual mean (Stochastic)
Average quantile effect

Average treatment effect on treated EL(O;n)]
Mediation formula

Longitudinal treatment-specific mean

Longitudinal modified treatment effect
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data

E[h(OI; p)]

function nuisance
"evaluator" function
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Rlesz Representation
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Riesz Representation Theorem (statistics version).

Suppose n € Lo(P), and ¥:=W(n) = E|h(O;n)] is a bounded linear
functional. Then, there exists a Riesz representer o € £5(P) such that

Think of cx like a "balancing weight'!
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Theorem (Riesz EIF). The efficient influence function of E[A(O;n)] is

6(P)(0) = h(O: ) — W(n) + / 2(0)6,(P)(0)dP

expected value EIF ~ —— —
"reweighted nuisance bias"

where ¢, (P)(O) denotes the efficient influence function of the nuisance
parameter 1.

Generalizes previous work, like Hirshberg and Wager (2021), Chernozhukov et
al. (2022), or Williams et al. (2025)
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Example 1: Counterfactual mean ¥(n) = E[E(Y | A = a, L)] where
n(A,L)=E(Y | A, L) ltsEIFis

1(A = a)

E(Y | A=a L)—U(n) - Y —E(Y | A L
evaluator < — — derivative of
h(A,L;n) Riesz representer squared loss

a(A,L)

Integral cancels out because ¢,(P)(O) = dP(S(ZLL) (Y —E(Y | A, L))
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Example 2: Counterfactual mean W(n) = E[E(Y | A= A+ 9, L)| of a
policy setting A = A + d wheren(A, L) =E(Y | A, L) ItsEIFis

dP(A— 5| L)
E(Y|A=A+6,L)—W(n) Y —E(Y | A L
E(Y | A= A40.0)—Wln)+ Z ot (Y E(Y A1)
evaluator < — — derivative of
h(A,Ln) Riesz representer squared loss

a(A,L)

Integral cancels out because ¢,(P)(O) = dpiiLL> (Y —E(Y | A L))
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Example 3: Mean 7-th quantile W(n) = E|Q7(Y | A = a, L)] under
treatment wheren(A, L) = Q" (Y | A, L). ItsEIFis

T B 1(A=a) (7-1(Y>Q7(AL)

h(A,L;n) Riesz regresenter reweighted derivative of
a(A,L) "pinball loss"

Integral cancels out because ¢, (P)(O) = dP(S(fZD ( ZP%;&?[;%%) )
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Many more ways to use this

Consider a general time-ordered data structure

O = (L17A17 7LT7AT7Y)

Denote the histories at time € as flt and L;. For example:

» Longitudinal data

o Mediation
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Theorem (Sequential Riesz EIF)

Consider the estimand W(ny) = Ep[h1 (A1, L1;m1)], where n; is a bounded linear functional defined
sequentially such that, fort =1, ..., T we have

77t<Ata Et) — E[ht+1(At+1a Et+1§ 77t+1) | Ata Et]

with hT+1<AT+17 Lry1;0741):=Y . Let oy denote the Riesz representer for 1, in the functional
E[h:(As, Li;me) | Ay—1, Li_1] Then, the EIF of the estimand W(n;) is

T t
hi(Aq, Lizn) —Y(m) + E HOét AtaLt ) [P (Avers Livisneer) — ne(Ag, Ly)]
Expected value EIF t=1 k=1 Residuals of sequential regressions
Riesz
representer
reweighting

&5 | HARVARD
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Theorem (Sequential Riesz EIF)

4

T
ha(Av, Lismn) — O(m) + ) [ [ eu(An, Lo) [hesa (Arg, Ligasnes) — ne( Ay, L)

Expected‘:falue EIF t=1 k=1 Residuals of sequential regressions
Riesz
representer
reweighting
P | TH CHAN FuroCIM 2026
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Sequential TMLE

1. Fit sequential regressions 1y, ...

HARVARD
TH.CHAN
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, N7 and Riesz representers aq, ..., Q.
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Sequential TMLE

1. Fit sequential regressions n1, ... , N7 and Riesz representers ay, ..., .

2 Fort = 1,... T, compute the weights wy (A, Ly) = [[e, ax(Ag, L)

e
P TR CHAN FuroCIM 2026 s
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Sequential TMLE

1. Fit sequential regressions n1, ... , N7 and Riesz representers ay, ..., .
. 1 T t 1 s
2.Fort =1,... T, compute the weights wy (A, L) = [ [, ar(Ak, Li)

3.Fort =1 —1,..., 1 fit 1-D parametric model 7, 4, that regresses
link[ht+1 (At+1, z/t+1, UH_L&H)] = link[nt(zzlt, I/t) ] + 8twt(At, I/t) and set e — 77t,§t

—

outcome 7; was fitted on offset: original coClg¥$;te
regression v
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Sequential TMLE

1. Fit sequential regressions n1, ... , N7 and Riesz representers ay, ..., .
. 1 T t 1 s
2.Fort =1,... T, compute the weights wy (A, L) = [ [, ar(Ak, Li)

3.Fort =1 —1,..., 1 fit 1-D parametric model 7, 4, that regresses
link[ht+1 (At+1, z/t+1, UH_L&H)] = link[nt(zzlt, I/t) ] + 8twt(At, I/t) and set e — 77t,§t

—

outcome 7; was fitted on offset: original coClg¥$;te
regression v

4. The final TMLE is the updated plug-in estimator

- Consistent, asymptotically normal, and semi-parametric efficient
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The RieszCML package: Simulations

Convergence diagnostics for {RieszCML} TMLE and standard software
Black lines indicate ideal bias, coverage, and efficiency bound.

Bias Coverage Mean Squared Error n*MSE
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Conclusions

» Unifies semi-parametric efficient estimation across...
Data: Longitudinal, mediation, two-phase sampling, etc.

Interventions: Binary, stochastic, derivatives, quantile effects, etc.

7 | HARVARD FuroCIM 2026

oooooooooooooooooo

23



Conclusions
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» Support theory and software re-use (Lego bricks)
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Conclusions

» Unifies semi-parametric efficient estimation across...
Data: Longitudinal, mediation, two-phase sampling, etc.

Interventions: Binary, stochastic, derivatives, quantile effects, etc.

» Support theory and software re-use (Lego bricks)

» Agnostic about how «x is learned; see, e.q. Riesz regression
(Chernozhukov et al., 2022)

p—}
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Thank you! Questions?

More about me
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Appendix A: Data Analysis

TML estimates of mean counterfactual HIV-1 infection risk under shifted CD4+ polyfunctionality
with pointwise confidence intervals

0.06

0.04

0.02 $

Risk of HIV-1 infection in vaccine recipients

0.00 —+

2 -1 0 1 2
Posited change in standardized CD4+ polyfunctionality (sd units)
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Appendix B: Functional analysis

Theorem (Riesz Representation, general).

Suppose n € JH, a Hilbert space, and that ¢(n) : A +— Ris a bounded
inear functional.

Then, there exists o« € ‘H such that

10(77) — <O‘777>
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