
A Riesz representer perspective on targeted learning
Salvador Balkus 

Harvard Biostatistics

Christian Testa 

Harvard Biostatistics

Nima Hejazi 

Harvard Biostatistics

April 15, 2026

sbalkus@g.harvard.edu ctesta@hsph.harvard.edu nhejazi@hsph.harvard.edu

1
EuroCIM 2026

https://orcid.org/0000-0003-4695-833X
https://orcid.org/0000-0003-4695-833X
mailto:sbalkus@g.harvard.edu
https://orcid.org/0000-0001-9103-5839
https://orcid.org/0000-0001-9103-5839
mailto:ctesta@hsph.harvard.edu
https://orcid.org/0000-0002-7127-2789
https://orcid.org/0000-0002-7127-2789
mailto:nhejazi@hsph.harvard.edu


Causal Inference
Modus Operandi
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1. Choose an estimand  and
gather data 

𝜓

𝑂1,… ,𝑂𝑛 ∼ 𝖯

2. Construct an estimator of 𝜓
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Targeted Minimum Loss-Based Estimation

Even if  totally unknown (nonparametric), can construct “good” plug-in
estimator of  by…

1. Deriving an “efficient influence function” 

2. TMLE: Choosing and optimizing loss  satisfying, for some ,

→ choose  to respect problem constraints (i.e. bounded outcomes)

𝖯

𝜓

𝜙(𝖯)(𝑂𝑖;𝜓)

𝐿(𝑂, 𝜀) 𝑣

𝑣⊤∇𝜀𝐿(𝑂; 𝜀)∣
𝜀=0

=
1

𝑛

𝑛

∑
𝑖=1

𝜙(𝖯𝑛)(𝑂𝑖;𝜓)

𝐿
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The derivation of the efficient influence function is often regarded as
somewhat of a “dark art.”

Hines et al. ( )2022
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Q: Can we derive a TMLE for a
general class of estimands?
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nuisance 

function

function 

"evaluator"

data

12
EuroCIM 2026



Riesz Representation
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Riesz Representation Theorem (statistics version).

Suppose , and  is a bounded linear
functional. Then, there exists a Riesz representer  such that

Think of  like a “balancing weight”!

𝜂 ∈ L2(𝖯) 𝜓:=Ψ(𝜂) = 𝖤[ℎ(𝑂; 𝜂)]

𝛼 ∈ L2(𝖯)

Ψ(𝜂) = 𝖤[𝛼(𝑂)𝜂(𝑂)]

𝛼
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Theorem (Riesz EIF). The efficient influence function of  is

where  denotes the efficient influence function of the nuisance
parameter .

Generalizes previous work, like Hirshberg and Wager ( ), Chernozhukov et
al. ( ), or Williams et al. ( )

𝖤[ℎ(𝑂; 𝜂)]

𝜙(𝖯)(𝑂) = ℎ(𝑂; 𝜂)−Ψ(𝜂)
⏟ ⏟ ⏟__ __

expected value EIF

+∫𝛼(𝑂)𝜙𝜂(𝖯)(𝑂)𝑑𝖯
⏟ ⏟ ⏟___ ___

"reweighted nuisance bias"

𝜙𝜂(𝖯)(𝑂)

𝜂

2021
2022 2025
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Example 1: Counterfactual mean  where
. Its EIF is

Integral cancels out because 

Ψ(𝜂) = 𝖤[𝖤(𝑌 ∣ 𝐴 = 𝑎,𝐿)]

𝜂(𝐴,𝐿) = 𝖤(𝑌 ∣ 𝐴,𝐿)

𝖤(𝑌 ∣ 𝐴 = 𝑎,𝐿)
⏟ ⏟ ⏟__ __

evaluator
ℎ(𝐴,𝐿;𝜂)

−Ψ(𝜂) +
𝟙(𝐴 = 𝑎)

𝑑𝖯(𝐴 = 𝑎 ∣ 𝐿)
⏟ ⏟ ⏟__ __

Riesz representer
𝛼(𝐴,𝐿)

(𝑌 − 𝖤(𝑌 ∣ 𝐴,𝐿))
⏟ ⏟ ⏟___ ___

derivative of
squared loss

𝜙𝜂(𝖯)(𝑂) =
𝛿𝐴,𝐿

𝑑𝖯(𝐴,𝐿) (𝑌 − 𝖤(𝑌 ∣ 𝐴,𝐿))
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Example 2: Counterfactual mean  of a
policy setting  where . Its EIF is

Integral cancels out because 

Ψ(𝜂) = 𝖤[𝖤(𝑌 ∣ 𝐴 = 𝐴+ 𝛿,𝐿)]

𝐴 = 𝐴+ 𝛿 𝜂(𝐴,𝐿) = 𝖤(𝑌 ∣ 𝐴,𝐿)

𝖤(𝑌 ∣ 𝐴 = 𝐴+ 𝛿,𝐿)
⏟ ⏟ ⏟___ ___

evaluator
ℎ(𝐴,𝐿;𝜂)

−Ψ(𝜂) +
𝑑𝖯(𝐴− 𝛿 ∣ 𝐿)

𝑑𝖯(𝐴 ∣ 𝐿)
⏟ ⏟ ⏟__ __

Riesz representer
𝛼(𝐴,𝐿)

(𝑌 − 𝖤(𝑌 ∣ 𝐴,𝐿))
⏟ ⏟ ⏟___ ___

derivative of
squared loss

𝜙𝜂(𝖯)(𝑂) =
𝛿𝐴,𝐿

𝑑𝖯(𝐴,𝐿) (𝑌 − 𝖤(𝑌 ∣ 𝐴,𝐿))
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Example 3: Mean -th quantile  under
treatment where . Its EIF is

Integral cancels out because 

𝜏 Ψ(𝜂) = 𝖤[𝑄𝜏(𝑌 ∣ 𝐴 = 𝑎,𝐿)]

𝜂(𝐴,𝐿) = 𝑄𝜏(𝑌 ∣ 𝐴,𝐿)

𝑄𝜏(𝑌 ∣ 𝐴 = 𝑎,𝐿)
⏟ ⏟ ⏟___ ___

evaluator
ℎ(𝐴,𝐿;𝜂)

−Ψ(𝜂) +
𝟙(𝐴 = 𝑎)

𝑑𝖯(𝐴 = 𝑎 ∣ 𝐿)
⏟ ⏟ ⏟__ __

Riesz representer
𝛼(𝐴,𝐿)

( 𝜏 − 𝟙(𝑌 > 𝑄𝜏(𝐴,𝐿))

𝑑𝖯(𝑄𝜏(𝐴,𝐿) ∣ 𝐴,𝐿)
)

⏟ ⏟ ⏟_____ _____

reweighted derivative of
"pinball loss"

𝜙𝜂(𝖯)(𝑂) =
𝛿𝐴,𝐿

𝑑𝖯(𝐴,𝐿) ( 𝜏−𝟙(𝑌>𝑄𝜏(𝐴,𝐿))
𝑑𝖯(𝑄𝜏(𝐴,𝐿)∣𝐴,𝐿) )
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Many more ways to use this

Consider a general time-ordered data structure

Denote the histories at time  as  and . For example:

Longitudinal data

Mediation

𝑂 = (𝐿1,𝐴1,… ,𝐿𝑇 ,𝐴𝑇 ,𝑌 )

𝑡 𝐴̄𝑡 𝐿̄𝑡
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Theorem (Sequential Riesz EIF)

Consider the estimand , where  is a bounded linear functional defined
sequentially such that, for , we have

with . Let  denote the Riesz representer for  in the functional
. Then, the EIF of the estimand  is

Ψ(𝜂1) = 𝖤𝖯[ℎ1(𝐴1,𝐿1; 𝜂1)] 𝜂𝑡
𝑡 = 1,… ,𝑇

𝜂𝑡(𝐴̄𝑡, 𝐿̄𝑡) = 𝖤[ℎ𝑡+1(𝐴̄𝑡+1, 𝐿̄𝑡+1; 𝜂𝑡+1) ∣ 𝐴̄𝑡, 𝐿̄𝑡]

ℎ𝑇+1(𝐴̄𝑇+1, 𝐿̄𝑇+1; 𝜂𝑇+1):=𝑌 𝛼𝑡 𝜂𝑡
𝖤[ℎ𝑡(𝐴̄𝑡, 𝐿̄𝑡; 𝜂𝑡) ∣ 𝐴̄𝑡−1, 𝐿̄𝑡−1] Ψ(𝜂1)

ℎ1(𝐴1,𝐿1; 𝜂1)−Ψ(𝜂1)
⏟ ⏟ ⏟____ ____

Expected value EIF

+
𝑇

∑
𝑡=1

𝑡

∏
𝑘=1

𝛼𝑡(𝐴̄𝑡, 𝐿̄𝑡)

⏟ ⏟ ⏟__ __

Riesz
representer
reweighting

[ℎ𝑡+1(𝐴̄𝑡+1, 𝐿̄𝑡+1; 𝜂𝑡+1)− 𝜂𝑡(𝐴̄𝑡, 𝐿̄𝑡)]
⏟ ⏟ ⏟_______ _______

Residuals of sequential regressions
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Sequential TMLE

1. Fit sequential regressions  and Riesz representers .𝜂1,… , 𝜂𝑇 𝛼1,… ,𝛼𝑇
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Sequential TMLE

1. Fit sequential regressions  and Riesz representers .𝜂1,… , 𝜂𝑇 𝛼1,… ,𝛼𝑇

2. For , compute the weights 𝑡 = 1,…𝑇 𝜔𝑡(𝐴̄𝑡, 𝐿̄𝑡) =∏𝑡
𝑘=1 𝛼𝑘(𝐴̄𝑘, 𝐿̄𝑘)
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Sequential TMLE

1. Fit sequential regressions  and Riesz representers .𝜂1,… , 𝜂𝑇 𝛼1,… ,𝛼𝑇

2. For , compute the weights 𝑡 = 1,…𝑇 𝜔𝑡(𝐴̄𝑡, 𝐿̄𝑡) =∏𝑡
𝑘=1 𝛼𝑘(𝐴̄𝑘, 𝐿̄𝑘)

3. For , fit 1-D parametric model  that regresses

 and set 

𝑡 = 𝑇 − 1,… , 1 𝜂𝑡,𝜀𝑡
link[ℎ𝑡+1(𝐴̄𝑡+1, 𝐿̄𝑡+1, 𝜂𝑡+1,𝜀𝑡+1

)
⏟ ⏟ ⏟____ ____

outcome 𝜂𝑡 was fitted on

] = link[𝜂𝑡(𝐴̄𝑡, 𝐿̄𝑡)
⏟

offset: original
regression

] + 𝜀𝑡𝜔𝑡(𝐴̄𝑡, 𝐿̄𝑡)
⏟⏟ ⏟__ __

clever
covariate

𝜂𝑡 = 𝜂𝑡,𝜀𝑡
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regression
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⏟⏟ ⏟__ __

clever
covariate

𝜂𝑡 = 𝜂𝑡,𝜀𝑡

4. The final TMLE is the updated plug-in estimator

→ Consistent, asymptotically normal, and semi-parametric efficient

𝜓𝑛 =
1

𝑛

𝑛

∑
𝑖=1

link[ℎ1(𝐴̄𝑖1, 𝐿̄𝑖1; 𝜂1,𝜀1)]
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The RieszCML package: Simulations
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Conclusions
Unifies semi-parametric efficient estimation across…

→ Data: Longitudinal, mediation, two-phase sampling, etc.

→ Interventions: Binary, stochastic, derivatives, quantile effects, etc.

Support theory and software re-use (Lego bricks)

Agnostic about how  is learned; see, e.g. Riesz regression
( )

𝛼

Chernozhukov et al., 2022
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Thank you! Questions?

Preprint More about me
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Appendix A: Data Analysis
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Appendix B: Functional analysis

Theorem (Riesz Representation, general).

Suppose , a Hilbert space, and that  is a bounded
linear functional.

Then, there exists  such that

𝜂 ∈H 𝜓(𝜂) :H↦ ℝ

𝛼 ∈H

𝜓(𝜂) = ⟨𝛼, 𝜂⟩
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